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The Experiment

Dipolar gases trapped in an optical lattice creates a highly tunable
quantum simulator setup.

Such a system is also a physical realization of the Bose Hubbard
Hamiltonian. This gives us a direct mapping of a theoretical toy
model and an experimental setup.
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The Hamiltonian

H = −t
∑
⟨i ,j⟩

a†i aj +
U

2

∑
i

ni (ni − 1)

︸ ︷︷ ︸
Bose Hubbard Model

+V
∑
⟨i ,j⟩

ninj + . . .

• t - hopping strength
• U - on-site interaction
• V - nearest-neighbour interaction

What (quantum) phases can be exhibited?
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BHM: Expected phases

• Mott Insulator (U >> t) → |ΨMI ⟩ =
⊗M

i=1 |n⟩

• Superfluid (U << t) → |ΨSF ⟩ = 1
N!(
∑M

i=1 a
†
i )

N |0⟩
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BHM: Exact Diagonalization (1D)

Condensate fraction =⇒ ||a†i aj ||∞/N ∼ O(1)

Off-diagonal long-range order (ODLRO) =⇒ lim|i−j |→∞⟨a
†
i aj⟩ ≠ 0
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BHM: Mean Field Approximation

âi = Ψi + δâi | O(δa2
i ) ≈ 0

H = −t
∑
⟨i,j⟩

a
†
i aj +

U

2

∑
i

ni (ni − 1)

︸ ︷︷ ︸
coupled lattice sites

→ H{Ψ} =
∑
i

−zt · (Ψ∗ai + Ψa
†
i − |Ψ|2) +

U

2
ni (ni − 1)

︸ ︷︷ ︸
de-coupled lattice sites
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BHM: Mean Field Approximation, Phase Diagram

ODLRO =⇒ lim|i−j |→∞⟨a
†
i aj⟩ = |Ψ|2 ̸= 0 (S.S.B.)
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BHM: Mean Field Approximation, Phase Diagram, contd.

Figure 1: Average occupation number
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BHM: Cluster MFA

H = −t
∑
⟨i,j⟩

a
†
i aj +

U

2

∑
i

ni (ni − 1)

︸ ︷︷ ︸
coupled lattice sites

→ H{Ψi} =
∑
C

Hexact +
∑
C,C′

HMFT {Ψi}

︸ ︷︷ ︸
de-coupled clusters of sites
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BHM: Cluster MFA, Phase Diagram
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BHM: Cluster MFA, Mott lobe critical points
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eBHM: Expected Phases

H = −t
∑
⟨i ,j⟩

a†i aj +
U

2

∑
i

ni (ni − 1) + V
∑
⟨i ,j⟩

ninj

V vs. U terms introduces density modulations in the lattice giving
rise to two more phases, analogous to the BHM phases.

• Mott Insulator −→ Density Wave
• Superfluid −→ Supersolid
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eBHM: Mean Field Approximation

âi = Ψi + δâi n̂i = ρi + δn̂i

Mean-field parameters: {ΨA,ΨB , ρA, ρB}
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eBHM: MFA Phase Diagram
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eBHM: MFA Phase Diagram (Left to Right, Top to Bottom)
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eBHM: MFA, Triangular Lattice
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Moving beyond mean field; QMC

Z = Tr(exp(−βH))

Z = Tr

[ ∞∑
n=0

(−β)n

n!
·

(∑
b

Hb,1 + Hb,2

)n]

Z =
∞∑
n=0

(−β)n

n!
·
∑
|α⟩

∑
Sn

⟨α|

 ∏
{b,i}∈Sn

Hb,i

 |α⟩ = ∑
Ci ∈ C

w(Ci )

Define configuration of the system, Ci ≡ [|α⟩,Sn]. Sample these
Ci ∈ C ergodically to compute diagonal observables.
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Stochastic Series Expansion

We can maintain a cut-off nmax dynamically as the simulation
progresses and introduce negligible error.
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Spin-1/2 chain ←→ Hard-core bosons

XXZ spin-1/2 model:

H =
Jx
2

∑
⟨i ,j⟩

(S+
i S−

j + S+
j S−

i ) + Jz
∑
⟨i ,j⟩

Sz
i S

z
j + hz

∑
i

Sz
i

eBHM w/ hard-core bosons:

H = −t
∑
⟨i ,j⟩

(a†i aj + a†j ai ) + V
∑
⟨i ,j⟩

ninj − µ
∑
i

ni

Map the operators like so:

S+
i ≡ a†i Sz

i ≡ (ni − 1/2)

Analogous quantities:

t ≡ Jx
2

V ≡ Jz µ = Jz − hz
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Supplement 0: Neural Network ansatz

Ansatz for the wave-function: Ψ =
∑

n Ψ(n)|n⟩ such that Ψ(n) is
captured by a neural network.

Train the network weights to minimize ⟨Ĥ⟩.
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Supplement 1: Exact Diagonalization, Phase Diagram
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Supplement 2: BHM Mean Field
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Supplement 3: eBHM Mean Field

HA{ΨA,ΨB , ρA, ρB} = −zt · (Ψ∗
BaA +ΨBa

†
A −Ψ∗

AΨB)

+ zV · (ρBnA − ρAρB) +
U

2
nA(nA − 1)

HB{ΨA,ΨB , ρA, ρB} = −zt · (Ψ∗
AaB +ΨAa

†
B −Ψ∗

BΨA)

+ zV · (ρAnB − ρBρA) +
U

2
nB(nB − 1)

H{ΨA,ΨB , ρA, ρB} =
∑
i∈A

Hi +
∑
j∈B

Hj
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Supplement 4: Extracting Phase Boundaries

Naive method: Compute for a grid of parameter values and find
the points where the order parameter jumps.

Precise method: Use a bisection algorithm. Precision scales as
2−n for n iterations. But very sensitive to convergence issues.
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Supplement 5: Local minima
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